The effect of carrier multiplication (CM) in semiconductor nanocrystals is systematically treated by employing an exciton scattering approach. Using projection operators, we reduce the Coulomb coupled multi-exciton dynamics to scattering dynamics in the space spanning both single-and biexciton states. We derive a closed set of equations determining the scattering matrix elements. This allows us to interpret CM dynamics as a series of odd-order interband scattering events. Using the time-dependent density matrix formalism, we provide a rigorous description of the CM dynamics induced by a finite-time pump pulse. Within this approach, both processes of single-and bi-exciton photogeneration and the consequent population relaxation are treated on the same footing. This approach provides a framework for numerical calculations and for comparisons of the quantum efficiencies associated with each process. For applications, the limit of weak interband Coulomb coupling is considered. Finally, we demonstrate that three previously used theoretical models can be recovered as limiting cases of our exciton scattering model.
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I. INTRODUCTION
Carrier multiplication (CM) in semiconductor materials is the process of more than one electron-hole pair generation per single absorbed photon. Here, we consider the general case in which high energy electron-hole pairs consist of free carriers (as typically occurs in bulk semiconductors). We also consider the case in which the carriers are confined exciton states as occurs in semiconductor nanocrystals (NCs). CM is naturally characterized by the related Quantum Efficiency (QE) which is the number of electron-hole pairs generated per absorbed photon. CM is also characterized by the activation energy threshold (AET) below which CM becomes negligible. Extensive studies of CM are motivated by potential applications in photovoltaic, photoelectrochemical, and energy storage devices. [1] [2] [3] [4] [5] [6] [7] CM was first investigated in bulk materials using photocurrent measurements, [8] [9] [10] [11] [12] and was recently revisited using terahertz time-domaing spectroscopy. 13 The theory of CM in bulk treats CM as a sequence of the primary photoexcitation event in which a single electron-hole pair is created by a photon, and the secondary process of the electron and hole population relaxation during which CM occurs. [14] [15] [16] [17] The population relaxation dynamics is a competition between the impact ionization process in which the excess kinetic energy of the hot electron or hole is transferred to create another electron-hole pair 15, 18, 19 and the process of phonon-assisted cooling. 16, 17 In bulk, strict energy and quasi-momentum conservation constraints determine the values of AET 20, 21 and QE as a function of the absorbed photon energy 16 . For a variety of semiconductor materials, the lower boundary of AET is found to be about 3E g where E g is the bulk band gap energy. 20, 21 However, photocurrent [8] [9] [10] [11] [12] and optical 13 measurements have demonstrated that the AET for most materials is 4E g .
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In semiconductor NCs, it is expected that the following three processes should lead to an increase in QE and a decrease in AET: relaxation of the quasi-momentum conservation constraint 22 , a decrease in the phonon-assisted relaxation rate 23 , and an enhancement of Coulomb interaction between the carriers 22, 24 . Efficient CM has been reported in colloidal NCs using time-resolved transient absorption (pump-probe) and time-resolved photoluminescence techniques. [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] Reported values of AET vary in the range of 2 − 3E g with E g being the NC's band gap energy. By using a bulk-type model with relaxed quasimomentum conservation rule, it has been further speculated that, depending on the ratio of electron and hole effective masses, the AET can reach a minimum value of 2E g satisfying the energy conservation constraint. 28 These experimental results have been challenged by a number of reports claiming significantly lower QE and even the absence of the CM effect. [36] [37] [38] CM has been further reconfirmed, however, with observed values of QE varying in a broad range starting below the QE in bulk materials. [39] [40] [41] [42] The variation of QE could possibly arise from experimental inaccuracies, 37, 43 sampleto-sample variation in surface preparation, 44, 45 and extraneous effects such as photocharging 39 . These issues raise an important question: What are the specific quantum-confinement-induced features that distinguish CM in NCs from CM in bulk semiconductors? 41 Addressing this question requires theoretical insight. Currently, there are three separate models outlined below proposing different mechanisms for CM in NC: the Coherent Superposition Model, the Direct Photogeneration Model, and the Impact Ionization Model. We describe each of these in the following few paragraphs.
The Coherent Superposition Model of resonant (almost degenerate) single-and bi-exciton states is based on the density matrix formalism. It was proposed by Shabaev, Efros, and Nozik. 46 This model states that, in contrast to bulk materials, the primary event of single photon absorption in NCs leads to the preparation of coherent superpositions (oscillations) between the single-and biexciton states that are almost degenerate. The secondary process of phonon-induced intraband relaxation merely stabilizes the populations leading to efficient bi-exciton production due to the fast bi-exciton intraband relaxation rate. No experimental observations of these oscillations have been reported yet. The enhancement of QE according to this model requires a strong Coulomb coupling between single-and bi-exciton states. This enhancement has not been confirmed experimentally. This model ignores the effects of the single-/bi-exciton density of states (DOS) by considering only one single-exciton and one bi-exciton states coupled through Coulomb interactions. As we demonstrate in this paper, this model also misses the CM pathway that involves the phononassisted relaxation channel between single-and bi-exciton states.
Assuming weak Coulomb coupling between single-and bi-exciton states and assuming optical pulse duration larger than the dephasing time, the QE can be evaluated using Fermi's Golden Rule. 27, 47 This approach, referred as the Direct Photogeneration Model, predicts two pathways for direct bi-exciton production during the primary photon absorption event. The first pathway, introduced by Schaller, Agranovich and Klimov, describes resonant bi-exciton generation via virtual single-exciton states.
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The second pathway, considered by Rupasov and Klimov, accounts for the non-vanishing Coulomb matrix elements between the exciton vacuum (filled valence band) and biexciton states. This coupling leads to the stabilization of bi-exciton populations through resonant intraband optical transitions.
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These authors estimate the contributions of their respective pathways and claim that their pathways become efficient in NCs because the quasi-momentum conservation constraint is relaxed. The actual enhancement of QE comes from the increased bi-exciton DOS compared with the single-exciton DOS. Independent quantum chemistry calculations confirm the possibility of direct carrier photogeneration in semiconductor clusters. 48 The drawback of the Direct Photogeneration Model is that no secondary events of population relaxation on QE are considered. In our paper, we will also demonstrate that the additional channel associated with the direct excitation of single-exciton states and their further scattering to the bi-exciton manifold during the interaction with the optical pulse as well as the interference of all the pathways must be included in the weak Coulomb limit.
A number of reported calculations suggest that, in contrast to the mechanisms outlined above and similar to the bulk materials, CM in NCs occurs solely due to the competing phonon-assisted relaxation and impact ionization processes that follow the primary single-exciton photoexcitation event. We will refer to this approach as the Impact Ionization Model model throughout this paper. Specifically, Franceschetti, An, and Zunger have considered the spectral dependence of the impact ionization rate and Auger recombination (the inverse process) rate using atomistic pseudopotential calculations. 49 Allan and Delerue used a tight-binding model to simulate the competing processes of impact ionization and phonon-assisted relaxation. 50 Their analysis based on their models emphasizes the importance of the high ratio of bi-to single-exciton DOS for efficient CM.
Further development of this approach led to a DOSbased comparison of QE due to impact ionization and direct photogeneration, 51 to evaluation of the bandstructure effects on QE in a variety of NC materials, 52 and to modeling the influence of surface defects on QE.
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Interestingly, Rabani and Baer emphasized the importance of the trion DOS (in contrast to the bi-exciton DOS) directly entering the impact ionization and Auger recombination rates, where strict selection rules enter through the Coulomb matrix elements.
54
Currently, the Coherent Superposition Model, the Direct Photogeneration Model, and the Impact Ionization Model are considered as alternative approaches whose applicability is still being debated. We propose a more general approach capable of treating the CM dynamics in both NCs and bulk materials by accounting for both the photogeneration event induced by a finite-time optical pulse and the population relaxation dynamics, on the same footing. This approach can be used to interpolate between strong and weak Coulomb coupling regimes. This interpolation can be achieved by treating Coulomb interactions between the carriers as multiple-scattering events. We achieve this more general approach by integrating the scattering theory with the density matrix formalism, and we call this approach the Exciton Scattering Model.
As a validation of our Exciton Scattering Model, we demonstrate that the previously proposed models can be recovered as limiting cases, and they are fundamentally related to each other. We also demonstrate that the proposed model predicts additional contributions to the Coherent Superposition and the Direct Photogeneration models which have not been considered before. We use our Exciton Scattering Model to formulate a closed computational scheme for determining QE and ATE. The results of the numerical simulations using this approach applied to specific semiconductor materials will be reported in a separate paper. This paper is organized as follows: In Sec. II, the projection operator technique is employed to reduce the coupled multi-exciton dynamics to single-and bi-exciton scattering dynamics in Hilbert space. We use this technique to derive a closed set of equations for the interband scattering matrix. In Sec. III, we use the density matrix formalism combined with a modified exciton scattering approach to obtain general expressions for the QE that naturally describe the primary event of single-and biexciton photogeneration due to both a finite-time pump pulse and population relaxation dynamics. For numerical calculations, the limiting case of weak Coulomb coupling is introduced in Sec. IV in which a closed set of equations for the limiting QE is presented. In Sec. V, we discuss connections of the Exciton Scattering Model with previously proposed models. Finally, we present our conclusions in Sec. VI.
II. MILTI-EXCITON DYNAMICS IN HILBERT SPACE
In this section, we begin our analysis by introducing the many-body electronic Hamiltonian in the multiexciton representation accounting for the contributions of all of the Coulomb terms. These terms can be partitioned into those terms that conserve the total number of excitons (and determine their binding energies), and those terms that do not conserve the number of excitons, giving rise to the CM dynamics. An exact treatment of the dynamics of total multi-exciton space is not feasible. Therefore, we restrict our dynamics to the reduced space spanning single-and bi-exciton states by using the projection operator technique. This approach allows us to include some of the effects of higher-multiplicity (tri-, four-, etc.) exciton states in the dynamics in the reduced space. Since the projected dynamics is restricted to coupled single-and bi-exciton manifolds only, it can be treated by performing an exact summation of the perturbation series, in which the odd-order interband scattering events describe CM dynamics.
A. The multi-exciton Hamiltonian
Let us consider the valence and conduction bands of a semiconductor NC in which single electron and hole states are known within the Hartree-Fock approximation (or equivalently within the effective mass envelope function formalism). Our many-body electronic Hamiltonian,Ĥ, accounts for these non-interacting single particle states, and all possible Coulomb interactions among them. 55 An explicit form of this Hamiltonian is given in Appendix A. Not all the Coulomb interaction terms inĤ conserve the total number of electrons and holes. However, this Hamiltonian does conserve total charge. Consequently, the dynamics of electrically neutral electronhole pairs (excitons) is uncoupled from the dynamics of the charged states. This allows us to focus on the dynamics determined by the multi-exciton Hamiltonian,
whose derivation is provided in Appendix A. The block-matrix representation of this multi-exciton Hamiltonian is shown in Fig 1, in which the 0|Ĥ|0 -block denotes the exciton vacuum, i.e. the filled valence band, with its energy set to zero. The remaining diagonal (red)P blocks describe the single-exciton, bi-exciton, etc., subspaces. These terms are:
in which |xn p denotes the p-th exciton state with multiplicity,n, and energy, ωn p . This energy already includes then-particle binding interactions which can be calculated, e.g. by block-wise matrix diagonalization. The off-diagonal Coulomb interaction (green and blue) blocks do not conserve the total number of electrons and holes. They describe the interactions between exciton states with different multiplicity. Specifically, the green off-diagonal blocks describe the processes changing multiplicity by one. The blue off-diagonal blocks change multiplicity by two. Note that the bi-exciton states are coupled to the vacuum, whereas the single-exciton states are uncoupled from the vacuum. This is a result of the Hartree-Fock representation eliminating the latter interactions. The general expression for these off-diagonal terms in the multi-exciton Hamiltonian iŝ
in which Vn ,n+ī p,q = xn p |Ĥ|xn +ī q is the interband multiexciton interaction matrix element withī = 1, 2 describing the multiplicity variation.
B. Projected dynamics in single-and bi-exciton space
The dynamics in the total multi-exciton Hilbert space is fully defined by the propagator:
whose calculation and general analysis is not feasible due to the rapidly growing number of multi-exciton states. Thus, we introduce a convenient representation allowing us to approximate calculations of this propagator. The CM processes excited near the AET should primarily result in photogeneration of single-and bi-exciton states. On the other hand, the higher-multiplicity exciton states can still affect their dynamics. Therefore, we consider a dynamics projected onto the space spanned by the single-and bi-exciton states, and seek the conditions allowing us to neglect the effects of the highermultiplicity states. This can be naturally done by introducing the following projection operator onto the space of single-and bi-exciton states,
and the complementary projection operator,Q =Î −P onto the rest of the multi-exciton space.Î denotes the identity operator in total multi-exciton space. To distinguish the single-and bi-exciton states from the remaining higher-multiplicity states, |xn p where n ≥ 3, we have introduced their new notations |x a and |xx k , respectively, and use |x 0 to denote the exciton vacuum. This notation will be used through out this paper. The partitioning of the multi-exciton Hamiltonian by the projection operators,P andQ, is illustrated in Fig. 1 , where the projected HamiltonianĤ =PĤ M XP is the sum of two termsĤ
Here, the first term,
describes non-interacting single-and bi-exciton states, and the second term
represents the interband Coulomb interactions, V
x,xx a,k , between the states, as well as the vacuum to bi-exciton couplings, V xx,x k,0 . Explicit representations for interaction matrix elements in terms of the single-particle couplings, and related matrix equations defining the single-and biexciton states are provided in Appendix A.
The dynamics restricted to the subspace of interest is fully defined by the projected propagatorĜ(t) =PÛ (t)P whose representation in the frequency domain is
where γ is the finite broadening associated with the exciton-phonon coupling. The non-local effective Hamiltonian entering this Green function can be partitioned into the sum of the diagonal and off-diagonal termŝ
which have the following formŝ
respectively. The first terms in Eqs. (11) and (12) are components of the projected Hamiltonian −1Ĥ
(Eq. (6)- (8)) describing the propagation of the coupled single-and bi-exciton states. The second terms, accounting for the effect of the higher-multiplicity exciton states, are the diagonal,k d (ω), and off-diagonal,k o (ω), components of the non-local memory kernel, respectively. The memory kernel components can be explicitly represented in the multi-exciton bases aŝ
) are the interaction matrix elements (Eq. (3)) which couple single-exciton (bi-exciton) states with the states of multiplicitynm ≥ 3. The matrix elementsGn ,m p,q (ω) = xn p |G(ω)|xm q of the propagator
describe the projected dynamics in the highermultiplicity exciton space defined byQ (the lower right quadrant in Fig 1) .
+ ... The use of projection operators allows us to map the propagator acting in the multi-exciton space (Eq. (4)) to the projected propagator acting in the space of singleand bi-exciton states (Eqs. (9)- (15)). This representation is exact, since the effect of the higher-multiplicity exciton states is fully accounted for through the memory kernel (Eqs. (13) and (14)). The dynamics of interest can now be interpreted as the uncoupled propagation within single-and bi-exciton manifolds described by the zerothorder Green function,
and the scattering events between these manifolds induced by the interaction operatorv(ω).
C. Single-and bi-exciton scattering model
To apply the scattering matrix formalism, we represent the projected Green function (Eq. (9)) as a 2 × 2 block matrixĜ
The Fourier transformation of Eq. (17)
defines time-evolution of the single-and bi-exciton states
According to Eqs. (19) and (20), the matrix elements G x ab (t) and G xx kl (t) associated with the diagonal blocks in Eq. (17) determine the intraband propagation, and the matrix elements G
x,xx a,k (t) associated with the off-diagonal blocks in Eq. (17) describe the interband scattering processes mixing the single-and bi-exciton states.
Within the scattering matrix formalism, the propagator,Ĝ, satisfies the following equation:
in whichĝ(ω) is the intraband zeroth-order Green function introduced in Eq. (16) . In the modified block-matrix representation, this Green function iŝ
Here, the diagonal blocks,ĝ x (ω) andĝ xx (ω), can be determined numerically using Eq. (16) with matrix inversion. Finally, the scattering operator in the same representation isT
containing both single-exciton (bi-exciton) component,
, and interband components, T x,xx . The Feynman diagram representation of Eq. (21) is given in Fig. 2 . To find the solution of Eqs. (21)- (23), we need to know the form of the matrix elements of Eq. (23) .
To obtain a closed set of equations for the scattering matrixT , the projected propagator (Eq. (9)) should be expanded in a power series of the interband coupling operator,v(ω) (Eq. (12)). These expansion terms can be further regrouped to match the form of Eq. (21), leading to the diagrammatic expansion of the scattering operator shown in Fig. 3 .
In Fig. 3 , panels (a) and (b), represent the diagrams contributing to the diagonal scattering matrix blockŝ T x (ω) andT xx (ω), respectively. Each term there contains an even number of vertices, reflecting the even number of interband scattering events. This leads to conservation of the excitons multiplicity, and to renormalization of their energies. The summation of this diagrammatic series in panels (a) and (b) results in a set of linear equations for the single-exciton (n = x) and the bi-exciton (n = xx) scattering matrix elements: (24) Here, the self-energy matrix elements renormalize the bare single-and bi-exciton energies, and according to Fig. 3 (a) and (b) can be represented as
According to Fig. 3 (c) , the interband scattering matrix depends onT xx and can be calculated from the following linear transformation:
This scattering matrix accounts for the odd-order scattering events changing the multiplicity of the initial exciton state, and, therefore, describes the CM dynamics.
Equations (21)- (26), are exact, since they account for all terms entering the multi-exciton Hamiltonian (Eqs. (1)- (3)). Specifically, these terms determine the single-and bi-exciton binding energies and the interband interactions including the effects of the highermultiplicity exciton states. In terms of the diagrammatic expansions shown in Figs. 2 and 3 , the single and double lines associated with the components ofĝ(ω) and the verticesv(ω) are dressed by these interactions. In practice, however, only approximate representations forĝ(ω) andv(ω) could be found. For instance, the multi-exciton binding energies can be determined approximately or even neglected.
The more difficult task is the evaluation of the memory kernel entering the effective Hamiltonian (Eq. (10)), since the propagatorG(ω) (Eq. (15)) cannot be calculated exactly. However, the kernel can be calculated approximately if the tri-exciton states are accounted for only. In this case the kernel will renormalize the singleand bi-exucotin resonances showing their hybridization with the tri-exciton ones. If the tri-exciton (and highermultiplicity exciton) poles are well-separated from the single-and bi-exciton resonances participating in the photoexcited dynamics, then the memory kernel can be dropped from the projected propagator,Ĝ(ω) (Eq. (9)). This situation is expected to take place in the vicinity of the AET, depending on the strength of the Coulomb couplings, V x,n a,p and V xx,m n,q . At this point, we focus on the photoinduced dynamics in the vicinity of the AET only, and for the rest of the paper we assume that the memory kernel effect is negligible. Therefore, the scattering operator and the projected propagator can now be calculated by solving the set of linear Eqs. (24)- (26) where the zeroth-order propagatorĝ(ω) and interband interaction operatorv(ω) depend on the projected Hamiltonian (Eqs. (6)- (8)) only and Eqs. (9), (17), and (18)), respectively.
III. PHOTOINDUCED DYNAMICS IN LIOUVILLE SPACE
In this section, we consider the carrier dynamics in an ensemble of NCs excited by a pump pulse whose fluence is adjusted so that no more than a single photon is absorbed per NC. This results in the preparation of no more than one single-or bi-exciton state in each NC interacting with photons leading to a total population produced by the pulse which can be determined by the ensemble average.
The photoinduced ensemble dynamics is illustrated in Fig. 4 : Panel (a) shows the exciton photogeneration event which occurs on the pump timescale ranging between 50 − 100 fs. During the photogeneration, the relative number of single-and bi-exciton states produced by the pump is determined by the interband scattering processes. The photogenerated populations further relax on the timescale of 1 − 10 ps as shown in panel (b). As we demonstrate below, this relaxation includes phonon-assisted cooling to the bottom of the single-and bi-exciton bands mixed with the interband population transfer due to the Coulomb scattering. The population from the bottom of the bi-exciton band finally decays to the lowest single-exciton states through Auger recombination within 10 ps. This process (not shown in Fig. 4 ) is typically employed for the experimental determination of the bi-exciton production yield, and has no contribution to QE. Therefore, we do not consider this process in this paper.
To include the interaction with the optical pump, we extend the projected Hamiltonian aŝ H opt =Ĥ +V (t) (27) where the following time-dependent term is added
Here, the optical pulse
is characterized by the absolute value of the envelope function, E pm (t), with the widths, τ pm , describing the pulse duration, and the central frequency, ω pm . 69 The pump envelope and spatial phases do not contribute to the population dynamics and therefore are dropped. Details of the derivation ofĤ opt are given in Appendix C.
According to Eq. (28), the optical field interacts with all possible transition dipoles which couple the singleexciton states µ In general, all these transitions are allowed due to the Coulomb scattering processes.
Next, we employ the density matrix formalism to include the dissipation processes due to the coupled phonon bath. Within this formalism, the dynamics of interest are fully described by the Liouville equation:
where the time-dependent density operator is a 2 × 2 block matrixρ
containing single-excitonρ x (t) and bi-excitonρ xx (t) components, and coherences between single-and bi-exciton statesρ xx,x (t). The specific form of the relaxation term, Rρ, in Eq. (30) depends on the specific exciton-phonon interaction model.
A. Phonon-assisted relaxation model
To describe the phonon-assisted dynamics, we assume that the phonon bath has a continuous spectral density, and there is no phonon bottleneck. [58] [59] [60] [61] An explicit form of the spectral density depends on the environment model with adjustable parameters such as spectral widths and electron-phonon coupling strengths. The simplest model which can be employed in our case is the model of singleand bi-exciton states linearly coupled to the phonon coordinates {q α } α=1,2,3,... . The related Hamiltonian iŝ
where the exciton-phonon interaction term
contains the intraband single-exciton (bi-exciton) coupling matrix elements Y Assuming weak exciton-phonon coupling, we follow a standard projection operator method to eliminate the bath degrees of freedom resulting in the Markov approximation forRρ. 62, 63 The basis set in which the equilibrium (Gibbs) distribution,ρ, can be recovered as the zero eigenfunction of the relaxation operator, i.e.Rρ = 0, is the quasiparticle basis {|ξ }ξ =0,1,2,... formed by the eigenstates of the total projected Hamiltonian (Eqs. (6)- (8)).
64 Therefore, we consider the population relaxation dynamics in this preferred basis.
After introducing the quasiparticle energies, ωξ, and further using the interaction representation for the density operator, i.e.ρξ ζ (t) = e −iωξζ t ρξζ(t) with ωξζ = ωξ − ωζ, we recast the Liouville Eq. (30) in the absence of the optical pulse (V (t) = 0) in the quasiparticle basis. This results in the Redfield Equation:
where Rξζ ;ξ ζ is the relaxation tensor.
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The interaction representation allows us to apply the so-called secular approximation, eliminating the rapidly oscillating terms containing ωξζ −ωξ ζ = 0. Respectively, the remaining Redfield tensor components,
correspond to uncoupled equations for the population relaxation and coherence dephasing. Eqs. (35) and (36) contain the population relaxation and pure dephasing rates:
respectively. Here,C αα (ω) denotes the Fourier transform of the phonon correlation function, C αα (τ ) = eĤ p τq α e −iĤpτq α eq , and it has both real C αα (ω) and imaginary C αα (ω) parts. The explicit representation for the correlation function depends on the chosen form of H p , i.e. on the specific relaxation model. The products of the off-diagonal quasiparticle-phonon coupling constants entering the population relaxation rate (Eq.
Finally, the matrix element of the diagonal quasiparticlephonon coupling determining the pure dephasing rate (Eq. (37)) is
In Eqs. (39) and (40),Λ lr (ωξ) = lim γ→0 res{G lr (ωξ)} is the transition amplitude given by the Green function residue in the limit of infinitesimal imaginary part, γ, of the poles. 70 Here and below, we use the convention that the summation indices for single-and bi-exciton states (particularly those in Eqs. (39) and (40)) run over all single-and bi-exciton states, unless the superscripts x or xx constraining their range are used (e.g. in Eq. (33) for Y (39)) on the transition amplitude indicates that these exciton scattering processes are involved in phonon-assisted cooling. Some of them, as we demonstrated in Sec. II C, change the multiplicity of the initial states, and, therefore, can be considered as generalized impact ionization and Auger recombination processes. Accordingly, we argue that the phonon-assisted cooling and impact ionization dynamics giving rise to CM are generally coupled. However, we demonstrate in Sec. IV, that the intraband phonon-assisted cooling and the interband impact ionization and Auger recombination processes can be decoupled in the limit of weak Coulomb coupling.
By applying the secular approximation, we significantly simplify the description of the phonon-assisted dynamics. However, the validity of our approximation for NCs is based on the following delicate interplay between the number of quantum states and their energy separations: In the region of high DOS, some closely lying levels may have ωξζ − ωξ ζ ≈ 0, potentially leading to the breakdown of the secular approximation. On the other hand, we expect that, due to the same high DOS,
FIG. 5: Double-sided Feynman diagram representation of the nonequilibrium density operator,ρ(τ ), prepared by the pump pulse and propagated during delay time, τ . The times t1 and t , are the integration variables, andρ is the equilibrium density operator.ρ(τ ) can be partitioned into two components reflecting the contributions of (b) the quasiparticle coherences and (c) the quasiparticle populations.
there are enough terms in the sum of Eq. (34) containing these slowly-oscillating phases to cancel out their contributions. Therefore, the chosen secular approximation must be validated using numerical simulations, for specific materials.
B. Photoexcited population dynamics and QE
The central quantity describing CM is QE which can be calculated as
where N x (τ ) = trρ x (τ ) and N xx (τ ) = trρ xx (τ ) are the total non-equilibrium single-exciton and bi-exciton populations, respectively. Their dependence on the delay time, τ , measured from the center of the pump pulse, allows one to calculate both the QE due to the photogeneration event and the total QE after the population relaxation. The latter is typically measured in optical experiments.
The calculation of QE requires the solution of the Liouville equation given by Eq. (30) for single-and bi-exciton populations, ρ s . The solution of Eq. (30) can be obtained by using the fact that the coupling between the optical field and the exciton states is weak compared to the transition energies. This results in the second order perturbation expression associated with the double-sided Feynman diagram presented in Fig. 5 (a) . 56 The resulting population matrix element is
where G lr (t) is the matrix element of the projected propagator (Sec. II B), and G ll,l3r1 (τ − t ) is the matrix element of the Redfield equation (Eq. (34)) Green function transformed to the bare single-and bi-exciton basis. Finally,ρ lr is the matrix element of the equilibrium density operator,
Equation (42) can be used for numerical calculations of the QE. This expression is quite general. Its form does not assume that the secular approximation (allowing the decoupling of the coherence and population relaxation dynamics) is used. For further analysis, we partition the contributions to ρ s (τ ) induced by the optical excitation of the quasiparticle populations and coherences. For this purpose, we represent the time-dependent matrix elements of the projected propagator as
where the quasiparticle complex frequenciesωξ = ωξ−iγξ are the poles of G lr (ω), and Λ lr (ωξ) = res{G lr (ωξ)} are the complex transition amplitudes given by the Green function residue. 72 Eq. (45) clarifies the physical meaning of the latter quantity showing that this is a probability amplitude for the transition between l and r states in the single-and bi-exciton basis associated with the propagation of the quasiparticle state, |ξ .
Substitution of Eq. (45) into Eq. (42) and partitioning the quasiparticle coherence and population dynamics (secular approximation) allows us to recast ρ s into a sum of the two terms,
Here, the first term corresponds to the double-sided diagram shown in Fig. 5 (b) . It describes the contributions of the quasiparticle coherences:
× I(ωξ
where µ ss0 (ξ 1 ) is the projection of the transition dipole moment between the quasiparticle ground andξ-th states onto single-/bi-exciton states,
containing the matrix elements,ρ l2s0 , of the equilibrium density operator (Eqs. (44)). 73 Note that µ ss0 (ξ) mixes the interband and the intraband dipole transitions entering the optical interaction term of the Hamiltonian (Eq. (28)), and determine all possible photogeneration pathways.
The pulse self-convolution function in Eq. (47) is
This function is weighted by the coherence between the quasiparticle excited and ground statesωξ Here,Λ lr (ωξ) = lim γ→0 Λ lr (ωξ), andḠζ ,ξ (τ ) ≡ Gζζ ,ξξ (τ ) denotes the quasiparticle population relaxation component of the Green function associated with the Redfield Equation. This Green function can be found in the standard way by using the eigenstates and eigenvalues of the Redfieled operator (Eq. (35)). 56, 64, 66 If the high DOS does not allow the diagonalization of the relaxation operator, then n s (0) should be considered as the initial condition for the numerical solution of the Redfield equation (Eq. (34) ). 74 Finally, the pulse self-convolution function in Eq. (50) simplifies to the form:
where we neglect the population relaxation processes during the interaction with the pulse. The representation given by Eqs. (46)- (51), provides a connection with the sum-over-eigenstates representation shown in Fig. 5 (b) and (c). In this representation, there is an additional Liouville space pathway contribution to the single-and bi-exciton populations associated with the propagation of the ground state wave packet. 56 This term can, in principle, contribute to the CM dynamics if Coulomb coupling between the vacuum and biexciton states is strong enough to make the lowest excited state energy comparable with the thermal energy, k B T , i.e. V xx,0 ∼ 2E g − k B T . Since, the latter condition is not satisfied in NCs where typically E g V xx,0 k B T , we do not consider this pathway.
Finally, one can expect that the contribution of the quasiparticle coherences (Eq. (47)) to QE can become negligible compared to the quasiparticle populations (Eq. (50)). This could happen, since spectral widths of ultrafast pump pulse can excite a significantly large number of states (Fig. 4(a) ), whose phases entering Eq. (47) through Eq. (49) add destructively. This assumption can be checked for specific materials through numerical evaluation of the related terms.
IV. LIMIT OF WEAK COULOMB COUPLING
In this section, we consider the Exciton Scattering Model, developed in Secs. II and III, in the limiting case of weak Coulomb coupling. This limit is important for applications and assumes that the Coulomb matrix elements between single-and bi-exciton states are much smaller than the energy differences between these levels and/or much smaller than the level broadening, i.e. V x,xx a,k (|ω
x,xx a,k ). As we demonstrate below, both carrier photogeneration and population relaxation dynamics can be described using no higher than second-order processes in the Coulomb expansion. For this purpose, we use Eqs. (46)- (51), with the Green function components calculated in this limit.
A. Time-domain Green function
To find the Green functions, we, first, represent the single-exciton (n = x) and bi-exciton (n = xx) free propagators (Eq. (16)) as
where the complex frequency,ωn k = ωn k − iγn k , contains the k-th frequency, ωn k , from the projected Hamiltonian (Eq. (7)), and the related dephasing rate, γn k . If the interband Coulomb interaction is weak, the CM dynamics becomes dominated by the Born interband scatting represented by the first vertex diagram in Fig. 3 (c) . According to Eq. (26), the scattering matrix elements in the Born approximation become
Furthermore, the leading contribution to the even-order scattering matrix (Fig. 3 (a) and (b) ) comes from the selfenergy, and according to Eqs. (24) and (25), its singleand bi-exciton components become
respectively.
To calculate the time-dependent Green function, we substitute Eqs. (52)- (55) into Eqs. (21)- (23) . Further use of Fourier transformation (Eq. (18)) leads to the following expressions:
Here, the shorthand notations for the renormalized complex single-and bi-exciton quasiparticle frequencies
are used, respectively. They contain the following selfenergy corrections
Finally, the transition amplitudes in Eqs. (56)- (58) are
This representation for the time-domain Green function (Eqs. (56)- (65)) is accurate up to second-order terms in the interband Coulomb interactions. In the following, the above expressions are employed to provide the leading contributions to the single-and bi-exciton photogenerated populations and to derive a set of rate equations for the population relaxation.
B. Single-and bi-exciton photogeneration
The use of the Green functions represented by Eqs. (56)- (65) together with Eqs. (46)- (51) results in the following form of the photo-generated single-exciton population:
where zeroth-, first-, and second-order terms describing the contributions due to the optically prepared quasiparticle populations are:
respectively. They contain the pulse self-convolution function (Eq. (51)) which is resonant only at singleexciton quasiparticle frequencies. In contrast, the quasiparticle coherences contributing to ρ (70)
entering the pulse self-convolution function (Eq. (49)). Although Eqs. (67)- (70) are important for numerical calculations of the QE, we do not discuss the scattering pathways associated with each term, since these pathways carry no information about the CM dynamics.
The photogenerated bi-exciton population in the weak Coulomb limit according to Eqs. (46)- (51) and Eqs. (56)- (65) is
where the quasiparticle population contribution is
and the quasiparticle coherence contribution is c xx k
Note that Eqs. (71)- (73) contain only second-order Coulomb terms. Equation (72) has a clear physical interpretation, illustrated in Fig. 6 , where two interfering photogeneration pathways can be distinguished: The first pathway is shown in panels (a) and (b) and both the vacuum to single-exciton dipole transition (µ (73) shows that the latter contains the interference of similar scattering pathways.
C. Population relaxation
To derive a set of rate equations for the population relaxation, we first represent the Redfield equation (Eq. (34)) in the bare single-and bi-exciton basis. In this representation, populations and coherences are coupled. We eliminate the coherences and obtain a memory kernel that depends on the interband Coulomb coupling. We further apply the Markov approximation to the kernel based on the main assumption that the Coulomb interaction is much smaller than the line width arising from the pure dephasing processes. This procedure results in the following set of rate equations: ) show the two components of the pathway involving the vacuum to single-exciton dipole transition (µ x ) and the interband Born scattering (Λ x,xx ). In panel (a), the intraband transition is in resonance with the optical pulse ( ωpm) but the final bi-exciton energy is distributed around ωpm according to the non-zero components of Λ x,xx . Panel (b) describes the opposite situation, where the single-exciton is virtual and final bi-exciton state is in resonance with the optical pulse. (c) The pathway containing the production of virtual bi-exciton states due to the Born scattering from the exciton vacuum (Λ 0,xx ) followed by the intraband dipole transition µ xx . Here, the final bi-exciton state is in resonance with the optical pulse.
Here, the interband scattering and the intraband phonon-induced population cooling are described by different terms indicating that in the weak Coulomb limit these two processes are uncoupled (Fig. 7) . Specifically, the first term in the r.h.s. of each equation describes the interband population transfer due to both the impact ionization and the Auger recombination processes. The related population transfer rate, arising from the Markov kernel appearing in the coherence elimination, is
where γ
x,xx a,n is the pure dephasing rate. The second terms in the r.h.s. of both Eq. (74) and (75), describes phonon-assisted cooling. The entering population decay rates can be obtained from the general expression given by Eq. (37) and (39), where we setΛ ab (ω x ) = δ ab ,Λ kl (ω xx ) = δ kl , andΛ ak (ω x,xx ) = 0. These transition amplitudes arise from the zeroorder Coulomb terms of the Green functions given by Eqs. (56)- (58) . The remaining second-order transition amplitudes are dropped, since together with the excitonphonon couplings their net contributions to the rates become negligibly small.
Since, during the transformation from the quasiparticle representation back to the bare single-and bi-exciton states, one has to keep only zeroth-order Coulomb terms, the form of the population relaxation rates does not change. As a result, their expressions are
where the phonon correlation function,C αα (ω), is defined in Sec. III A, and the exciton-phonon coupling constants, Y 75 Similarly, the following expression for the pure dephasing rate immediately follows from Eqs. (38) , (40) , (56) , and (57)
Finally, we outline the computation of the QE in the weak Coulomb limit. First, Eqs. (66)-(73) are evaluated to find the initial conditions, ρ x a (0) and ρ xx k (0), for the population relaxation. These density matrix elements can also be used to obtain the QE (Eq. (41)) associated with the photogeneration processes. Next, starting with the latter boundary conditions, the wavepackets, ρ 
V. DISCUSSION
In this section, we discuss the relation between our proposed Exciton Scattering Model and three earlier models: the Coherent Superposition Model, 46 the Direct Photogeneration Model, 27,47 and the Impact Ionization Model 49,50 .
A. Coherent Superposition Model
The Coherent Superposition Model is the limit of our Exciton Scattering Model, in which only the two states |x c and |xx c are coupled by the Coulomb matrix element V x,xx , and the two states |x u and |xx u are decoupled as shown in Fig. 8 (a) . There is also no coupling to the vacuum state. The |x c and |xx c states are assumed to be almost degenerate, i.e. ω Fig. 8 (b) . Another assumption used in the calculations is that the splitting, ω +− = ω + − ω − , significantly exceeds the quasiparticle level broadening. These assumptions in our new notations reproduce the model proposed in Ref. 46 The authors of Ref. 46 used the phonon-assisted relaxation model containing uncoupled intraband relaxation pathways for single-and bi-excitons resulting in independent cooling within each manifold. We argue that these relaxation pathways are coupled since the Coulomb interaction is strong. 62 As a result the interband phonon assisted processes should be accounted for. Furthermore, we point out in Sec. III A, that the relaxation equations should reproduce the equilibrium distribution function not for the bare single-and bi-exciton states but for the quasiparticle states. Another assumption used in Ref. 46 is that the dephasing rate between coupled states is fully determined by the population relaxation processes. However, the pure dephasing time in NCs is estimated to be several orders of magnitude shorter than the population relaxation time. 67, 68 In this case, the dephasing rate is totally due to the pure dephasing, indicating separation of the timescales for the coherence and population dynamics.
The population relaxation rates from the quasiparticle states to the uncoupled single-and bi-exciton states, shown in Fig. 8 (b) , immediately follow from Eqs. (37) and (39) 
where Y 76 Population transfer also exists between the quasiparticle states. However, for the sake of simplicity, we drop this pathway. The derivation of the pure dephasing rate, γ +− , between the quasiparticle states is discussed in Appendix D.
The Coherent Superposition Model consists of only one optical transition induced by the dipole moment, µ, between the vacuum and coupled single-exciton state shown in panel (a) of Fig. 8 . The multiple-scattering processes redistribute the oscillator strength so that both quasiparticle states become optically allowed as shown in panel (b). To observe the oscillations of the pump-probe signal (bleach) predicted by the Coherent Superposition Model, the pulse duration should be less than the dephasing time and spectral widths of the pulse should exceed the level splitting, ω +− . This condition is satisfied in the so-called impulsive limit in which the pulse selfconvolution function becomes frequency-independent 77 I sp ≡ I sp (ω ± − ω pm ) = (82)
Here, E 0 pm is the amplitude of the pump pulse, andτ pm = √ πτ pm is the effective pulse duration.
To find the time-dependent populations of the coupled states prepared by a short pulse, we use the expressions for the corresponding density matrix components (Eqs. 
respectively. The populations of the uncoupled states as a function of delay time, τ , can be obtained from Eqs. (D16) and (D17) together with Eq. (82):
Here, A = 2µE The oscillations predicted by the Coherent Superposition Model exist only between coupled states, and have a frequency equal to the quasiparticle level splitting, ω +− . Specifically, they are described by the second term in Eqs. (83) and (84). Since there is no oscillating term in the populations of the uncoupled states, oscillations of the bleach can be observed in experiments in which the probe directly monitors the time evolution of ρ x c and/or ρ xx c . In fact, the expression for bleach, given by Eq. (7) in Ref. 46 , contains non-vanishing contributions from the coupled bi-exciton population.
Finally, we compare the QE of the photogeneration event, and the total QE after population cooling. The photogeneration QE can be determined from Eqs. (41), (83), and (84) on timescales longer than the dephasing occurs but shorter than the population relaxation. This quantity is:
It contains no relaxation parameters. As the strength of the Coulomb coupling increases, QE < approaches its maximum value of 3/2. The total QE can be determined from Eqs. (41), (85), and (86) in the limit in which time is longer than the typical population relaxation time. This results in the sum,
where Λ
x ξ determines the probability of optical excitation for each quasiparticle state,ξ = ±, and the ratio of the population relaxation rates gives the maximum QE associated with each of the states. (Fig. 8 (b) ). We emphasize, that this expression for QE accounts for the relaxation pathways mixing the coupled and uncoupled states of different multiplicities. The latter contributions have not been considered before and are expected to be nonnegligible. As the Coulomb interaction increases, QE > approaches its maximum value given by the ratio of the total population relaxation rates (2Γ
, where Γ x = Γ x,+ = Γ x,− and Γ xx = Γ xx,+ = Γ xx,− .
78
Regardless the differences in the relaxation models, similar maximum values for QE > were obtained in Ref. 46 for increasing Coulomb interactions.
B. Direct Photogeneration and Impact Ionization Models
The Direct Photogeneration Model assumes weak Coulomb coupling between single-and bi-exciton states. Therefore, to find the bi-exciton generation rate, we should begin with the expressions for the photoinduced bi-exciton population (Eq. (71)-(73)) derived in Sec. IV B. An additional assumption of the model is that the pump pulse is much longer than the dephasing times, resulting in the so-called continuous wave (CW) limit.
The pulse self-convolution function for quasiparticle populations in this CW limit becomes proportional to the Lorentzian line-shape function:
where E 0 pm is the pump pulse electric field amplitude, and τ pm = √ πτ pm is the effective pulse duration. The pulse self-convolution function associated with the quasiparticle coherences vanishes in CW limit. Next, we introduce the bi-exciton generation rate as W xx = k≥1 ρ xx k /τ pm where the limit of γξ 0 → 0 should be taken. This, according to Eqs. (71) and (73), corresponds to the following expression for the bi-exciton generation rate:
Here, the interband transition amplitude, Λ xx,x k,a , is given by Eq. (65), and E 80 The leading term in the single-exciton generation rate can be easily obtained using the same approach:
and it coincides with that given in Ref. 27 . Equation (90) should now be compared with Eqs. (1) and (3) describing the direct bi-exciton generation rate via virtual single-exciton states and via coupling to the vacuum states derived in Refs. 27 and 47, respectively. This comparison shows that the two contributions to the second term in Eq. (90) multiplied by δ (E (3) from Refs. 27 and 47, respectively. In summary, the weak Coulomb coupling limit of our Exciton Scattering Model in the particular case of CW excitation not only recovers the previously developed Direct Photogeneration Model but also predicts an additional contribution given by the first term in Eq. (90) and illustrated in Fig. 6 (a) as well as the interference of the previously studied pathways (Fig. 6 (b) and (c) ) which is clearly seen in the second term of Eq. (90).
The central objective of the Impact Ionization Model is the calculation of impact ionization and Auger recombination rates, which can be easily obtained from Eq. (76) by taking the limit of γ x,xx a,k → 0, and further performing the summation over the final bi-and single-exciton states
respectively. Comparison of these expressions with Eqs. (1) and (2) from Ref. 49 leads to the conclusion that the Impact Ionization Model is just the relaxation component of our model in the weak Coulomb coupling regime (Fig. 7) . Usually, the initial condition for the impact ionization dynamics is taken to be only the photogenerated single-exciton population (Eq. (67)). We argue that the bi-exciton population described by Eqs. (71)- (73) should also be included, since this contribution is of the same order of magnitude. The discussion above shows that the Direct Photogeneration Model and the Impact Ionization Model complement each other, and are a particular case of our more general Exciton Scattering Model in the weak Coulomb limit. Specifically, the Direct Photogeneration Model describes the primary photoexcitation process involving a pump pulse that is longer than the dephasing time and shorter than the inverse relaxation rates of impact ionization (Eq. (92)), Auger recombination (Eq. (93)) and phonon-assisted decay (Eqs. (77)- (78)). The Impact Ionization Model describes photogenerated population relaxation with the initial conditions given by Eqs. (90)-(91). However, we argue that a systematic computational approach should follow from the weak Coulomb limit computational scheme given in Sec. IV, since this approach contains additional contributions not considered before and also accounts for finite-time pulse excitation.
VI. CONCLUDING REMARKS
Currently, numerical implementation of our Exciton Scattering Model is a challenging task, since the calculations involve a large (∼ 10 5 ) number of bi-exciton states. This poses difficulties for the full scattering matrix calculations (Eqs. (24)- (26)) associated with large computer memory requirement for the matrix inversion. These difficulties can be overcome by noticing that in NCs, the energy difference between most of the coupled single-and bi-exciton states is larger than the interband Coulomb interaction, and only a small number of these states are in resonance (degenerate). As a result, the expressions obtained in the weak Coulomb limit (Sec. IV) should be used to evaluate the contributions from well-separated states, and only contributions from the degenerate states need to be included in the multiple-scattering formalism. If the level broadening for the degenerate states in NCs exceeds the Coulomb coupling then the full computational scheme developed in Sec. IV should be used, including the degenerate states.
The comparison of CM processes in both NCs and in bulk semiconductors is important for understanding the role of quantum size effects on QE. Therefore, we emphasize that our proposed formalism is valid for CM in bulk semiconductors. The transition is simple: One has to replace all the summations over the single-and biexciton indices as well as over the quasiparticle states by summations over their quasi-momenta and spin degrees of freedom. All matrix elements entering the calculations can be represented in the quasi-momentum basis set. This representation will automatically impose the quasi-momentum conservation restrictions.
To summarize, we have proposed the Exciton Scattering Model which treats the two main processes of CM, photogeneration and population relaxation, on the same footing. Our model is valid in the neighborhood of the AET where the contribution of the higher-multiplicity exciton states (tri-exciton, etc.) can be neglected. Our model includes relatively large Coulomb interactions leading to multiple interband scattering events. The only restriction on the Coulomb interaction strength is that it should not mix the higher multiplicity states. Based on our general formalism, expressions determining the QE in the limit of weak Coulomb interaction have been derived. This limit is extremely useful for numerical calculations for specific materials. Since the AET is sensitive to the material-dependent selection rules imposed on the Coulomb matrix elements and transition dipole matrix elements, its determination can be done through direct numerical calculations. As we demonstrated, our Exciton Scattering Model recovers three previously proposed models as limiting cases. By including additional mechanisms of CM, our model provides a unified approach to the study of CM in NCs and in the bulk limit.
Sn on itself. As a result, one can define the eigenstates |Xn ξ ofĤ 0 forming a complete basis set in Sn and, respectively, the eigenenergies, ωn ξ . The latter eigenstates describe bound n-exciton states in Sn whose eigenenergies include the binding energy due to the electronelectron, hole-hole and electron-hole Coulomb correlations. The introduced bound n-exciton states are related to the non-ineracting electron-hole basis through the unitary transformation |xn p = Un p;āb |en a hn b ,
defined by the matrix {Un p;āb }. The eigenstate equations 
In Eqs. (A8)-(A12) indices a and b denote the singleand bi-exciton eigenstates, respectively. The rest of the indices describe carriers states.
Appendix C: The exciton-optical field interaction Hamiltonian
The many-body Hamiltonian in the Hartree-Fock orbital representation describing the interaction with the time-dependent optical field E(t) is: 
